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1
The particle and heat transport driven by the ion temperature gradient instability
in helical plasmas are investigated by the gyrokinetic analysis taking into account
the kinetic electron response. High and low ion temperature plasma cases for the
discharge in the Large Helical Device (LHD) are studied. Two types of the transport
model with the lower computational cost to reproduce the nonlinear gyrokinetic sim-
ulation results within allowable errors are presented for application to quick transport
analyses. The turbulent electron and ion heat diffusivity models are given in terms of
the linear growth rate and the characteristic quantity for the linear response of zonal
flows, while the model of the effective particle diffusivity is not obtained for flattened
density profile observed in the LHD. The quasilinear flux model is also shown for
the heat transport. The quasilinear flux models for the energy fluxes are found to
reproduce the nonlinear simulation results at the accuracy similar to that of the heat
diffusivity models. In addition, the quasilinear particle flux model, which is appli-
cable to the transport analysis for LHD plasmas, is constructed. These turbulent
reduced models enable to couple to the other simulation in the integrated codes for
the LHD.




A quantitative prediction of turbulent transport1,2 is one of the most critical issues for
realizing magnetic fusion energy. Recently, a large number of gyrokinetic simulations of the
turbulent transport in toroidal plasmas have been performed3–9. The gyrokinetic analysis
results in tokamak10–12 and helical13,14 plasmas have been compared with the experimental
observation results. In tokamak plasmas, the transport simulation, which is directly coupled
to gyrokinetic analyses at each time step, is globally performed15,16. The gyrokinetic simu-
lation for helical plasmas consumes much larger computer resources than those for tokamak
plasmas, because the former requires a large number of mesh points along field lines in
order to resolve helical ripple structures. Since it is still not easy to couple the nonlinear
gyrokinetic simulation with an integrated transport simulation code, especially for helical
plasmas17, the predictive model, which can quickly approximate the nonlinear simulation
results, is highly demanded. The predictive model for the turbulent transport with the
lower computational cost enables to be incorporated with the other simulation codes (e.g.
the neoclassical transport codes) in the integrated transport simulation for the Large Helical
Device (LHD).
The GKV code18 has been widely used to investigate the ion temperature gradient (ITG)
mode and zonal flows in the LHD for studying the turbulent transport8,13,14,19–23. Gyrokinetic
simulations using the adiabatic electron assumption are performed for the high and the low
ion temperature LHD cases in shot number 8834324. The reduced model for the ion heat
diffusivity was proposed14 to quantitatively reproduce the nonlinear simulation results given
by the turbulence simulation with adiabatic electrons. This reduced model is the function
of the linear growth rate for the ITG mode and the zonal flow decay time25,26. The ion
energy flux by this reduced model is in good agreement with the experimental results for
the high-Ti plasmas at t = 2.2s
13,14. How to apply the reduced model of the turbulent ion
heat diffusivity in the adiabatic electron condition to the transport code has been shown
for helical plasmas22. The simulation in the kinetic electron condition shows the larger ion
energy flux than the experimental results for the high-Ti plasmas
20. On the other hand, the
electron and ion energy fluxes obtained from the simulation with kinetic electrons are close to
those of the experimental results in the low-Ti plasmas
21 at t = 1.8s. The simulation result
with adiabatic electrons in the low-Ti plasmas shows that the ITG mode becomes stable
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around ρ(= r/a) = 0.5. Kinetic electrons induce the enhancement of the linear growth rate
of ITG modes5,20.
This work presents the predictive transport model for the particle and electron heat
diffusivities in addition to the ion heat diffusivity, including the effect of kinetic electrons
on the plasma instability. For the purpose, the gyrokinetic equations for both electrons and
ions are solved to evaluate the diffusivities and fluxes of the heat and particle transport.
To accurately evaluate the particle and electron heat transport, the simulation of the wider
spatial domain and the finer spatial resolution is performed than those in the previous
work23, where only the ion heat transport is estimated. The electron and ion heat diffusivity
models are presented, to reproduce the nonlinear simulation results within allowable errors
in terms of the linear growth rates and the linear response of zonal flows. The quasilinear
flux models are presented to approximately reproduce the particle transport in addition to
the heat transport obtained by the gyrokinetic simulations.
II. NONLINEAR GYROKINETIC SIMULATION RESULTS
The turbulence driven by the microinstabilities in LHD plasmas is studied, using the
gyrokinetic local flux tube code GKV18. The electromagnetic gyrokinetic equations are
solved for both electrons and ions20 in this article. The temperature and density profiles,
and field configuration obtained from the LHD experimental results for the shot number
8834324 of the high-Ti plasmas at t = 2.2s and of the low-Ti plasmas at t = 1.8s and 1.9s
are used. This is because the experimentally observed fluctuations in these plasmas for the
LHD are driven by ITG mode8 and these plasmas are chosen as the representative plasmas
for study of the ITG mode. The validation studies are progressed for the adiabatic electron
approximation13,14,22 and kinetic electron response20,21 by using the plasma profiles and field
configurations for the shot number 88343 of the high-Ti and low-Ti plasmas in the LHD.
The major radii of the LHD plasmas are given by R = 3.75m for the high-Ti plasmas and
R = 3.6m for the low-Ti plasmas. In the low-Ti plasmas, the magnetic field configuration
is shifted more inward than in the high-Ti plasmas The generation of zonal flows can be
enhanced in the inward shifted configuration27. The β(= 2µ0n(Te + Ti)/B
2) values is 0.3%
at ρ = 0.65 for the high-Ti plasmas and 0.2% at ρ = 0.68 for the low-Ti plasmas, where
µ0 is the vacuum permeability. Note that the reduced models in this study are valid for
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the low-Ti and high-Ti plasmas in the LHD #88343 discharge. Transport simulation by
the reduced model14 with the adiabatic electron condition for the high-Ti plasmas of the
other shot than the shot number 88343 in the LHD has been performed and the compa-
rable ion temperature profile to the experimental result is obtained28. The grid numbers
used for the wavenumber variables, k̃x, k̃y, the parallel real space variable, the parallel and
perpendicular velocity space variables are 41, 12, 512, 64 and 16, where k̃x(= kxρi) and
k̃y(= kyρi) are the normalized radial and poloidal wavenumbers, respectively, and ρi is the
ion gyroradius. The grid numbers in the present simulations are smaller than those in the
simulation of Refs. 20 and 21 in order to perform nonlinear simulations at more radial points
for modeling the particle and heat transport here than in Ref. 21. However, it is verified
that the values of the electron and ion energy fluxes, and the particle flux obtained in this
study have almost the same level of accuracy as those in Refs. 20 and 21. For the high-Ti
plasmas, the nonlinear GKV simulations are performed at the ten radial points in the region
0.46 ≤ ρ ≤ 0.80, while they are carried out at the ten radial points in 0.65 ≤ ρ ≤ 0.80
for the low-Ti plasmas. The time evolutions of the electron and ion energy fluxes, and the
particle flux at ρ = 0.65 for the high-Ti plasmas are shown in Fig. 1(a) and (b), respec-
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v∥, B, v, ϕ and A∥k⊥ are the mass for the species j, the parallel velocity, the magnetic field
strength, the velocity, the electrostatic potential and the electromagnetic potential. The
term hjk⊥ represents the non-adiabatic part of the perturbed part in the gyro-center dis-
tribution function, J0j(= J0(ρjk⊥)) is the zeroth order Bessel function and k⊥ = (kx, ky),
where ρj = mjvtj/(eB) with vtj =
√
Tj/mj for the species j. The bracket ⟨⟩ denotes the
averaged values along the magnetic field line. The particle flux is Γ(= Γes+Γem), where the
















. The value of time t is normalized
by R/vti. The saturation of the electron and ion energy fluxes, and the particle flux is con-
firmed. The ratios of the electromagnetic contributions Qeme , Q
em
i and Γ
em to the electron
and ion energy fluxes Qe, Qi and the particle flux Γ are examined. It is confirmed that the
time averaged values of Qeme /Qe, Q
em
i /Qi and Γ
em/Γ become small and are 4.8%, −0.77%
and 9.0%, respectively. The averaged values of the electron and ion energy fluxes and the
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FIG. 1. Time evolutions of (a) the energy fluxes and (b) the particle flux at ρ= 0.65 for the high-Ti
plasma case. The solid and dashed curves in (a) represent the electron and ion energy fluxes,
respectively.
particle flux per unit area at ρ = 0.65 in the time interval 50 < t < 100 for the high-Ti
plasmas are 0.036 MW/m2, 0.11 MW/m2 and −1.0×1019/(m2s), respectively. In Fig. 2, the
values of the time-averaged ion heat diffusivity χ̄i obtained from the present simulations are
compared with those from the simulations under the adiabatic electron condition, where the
ion heat diffusivity χi is defined by χi = −Qi/(n∂Ti/∂r), the bar ¯ represents the average
over the time interval of the nonlinear saturation phase. The values of χ̄i from the present
simulation are close to those in the adiabatic electron condition at ρ = 0.5. At ρ > 0.6, the
values of χ̄i from the present simulations are found to be two or three times larger than those
obtained from the simulations in the adiabatic electron condition. The time evolutions of
the squared turbulent potential fluctuation, T
(
= Σk̃x,k̃y ̸=0
〈∣∣∣ϕ̃k̃x,k̃y ∣∣∣2〉 /2) and the squared
zonal flow potential, Z
(
= Σk̃x
〈∣∣∣ϕ̃k̃x,k̃y=0∣∣∣2〉 /2) at ρ = 0.65 are examined, where ϕ̃ is the
electrostatic potential fluctuation which is defined as ϕ̃ = ϕ/(Tiρi/(eR)). The nonlinear
saturation is seen in the time evolution of T and Z. It is found that the ratio of Z̄ to
T̄ in the kinetic electron condition is 0.19 and smaller than that in the adiabatic electron
condition, 0.25, at ρ = 0.65 for the high-Ti plasmas. This result can be explained from the
effect of trapped electrons which reduce the zonal flow generation25.
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FIG. 2. Radial profiles of the time-averaged ion heat diffusivity χ̄i obtained by the nonlinear
simulations for the cases of kinetic electrons (the boxes) and adiabatic electrons (the circles)
III. TRANSPORT MODEL BASED ON NONLINEAR SIMULATION
RESULTS
Parameter ranges, in which the nonlinear simulations are performed, are shown in Table I,
where R/LTe is the normalized electron temperature gradient, R/LTi is the normalized ion
temperature gradient, R/Ln is the normalized density gradient and q is the safety factor.
Here, LTe = −Te/(∂Te/∂r), LTi = −Ti/(∂Ti/∂r) and Ln = −n/(∂n/∂r). These parameter
ranges correspond to the LHD experimental results for the high-Ti and low-Ti plasmas. The
nonlinear simulation results for the radial profiles of the electron and ion energy fluxes, and





i obtained from the nonlinear simulations are compared with the model functions
Fe and Fi of T̄ and Z̄ in Fig. 4, where χGBi (= ρ2i vti/R) is the gyroBohm diffusivity. The
simulation results for the ion heat diffusivity are well fitted by the model function14
χ̄i
χGBi






with αi = 0.41, C1i = 0.13 and C2i = 4.9× 10−2. The relative error for fitting χ̄i/χGBi by Fi




i )/Fi − 1
]
. On
the other hand, the simulation results for the electron heat diffusivity are well reproduced
by the model function
χ̄e
χGBi





TABLE I. Parameter ranges in the nonlinear simulations
ρ 0.46 to 0.80
q 1.2 to 2.2
R/LTi 6.6 to 16
R/LTe 4.6 to 15
R/Ln -1.0 to 1.9




and the radial profiles of (c) the particle flux normalized by nvtiρ
2
i /R
2. The circle and the box
marks correspond to the simulation results in the high-Ti and the low-Ti plasmas, respectively.
with αe = 0.19, C1e = 6.8×10−2, C2e = 2.1×10−2 and ξ = 0.10. The relative error for fitting
χ̄e/χ
GB
i by Fe is 0.079. Note that the exponent ξ = 0.10 for Z̄ in Fe is smaller than the value
1/2 for Z̄ in Fi. We find that the poloidal wavenumber spectra of the Qe take peaks at larger
k̃y values than those of the Qi. The effect of zonal flows is considered to be more effective
for lower wavenumbers and accordingly it is to be weaker for χ̄e/χ
GB
i than for χ̄i/χ
GB
i . In
this study, the particle diffusivity model is not shown because the typical density profile in
the LHD is flattened or hollow24. When the density gradient fluctuates around zero, it is
difficult to obtain accurate values of the effective particle diffusivity D(= −Γ/(∂n/∂r)).
IV. HEAT DIFFUSIVITY MODELS BASED ON LINEAR SIMULATION
RESULTS
In this section, the heat diffusivity models are given in terms of the linear simulation










FIG. 4. Comparison of (a) χ̄e/χ
GB
i and (b) χ̄i/χ
GB
i from the nonlinear gyrokinetic simulation with
the model functions Fe(T̄ , Z̄) and Fi(T̄ , Z̄). The circles and the boxes show the results in high-Ti
and low-Ti plasmas, respectively.
and the zonal flow decay time26, by adapting the method used when the reduced model for
the ion heat diffusivity for the adiabatic electron condition was proposed14. Here, γ̃k̃y(=
γk̃y/(vti/R)) is the linear growth rate at each k̃y. The nonlinear simulation results, T̄ and
Z̄ in the model functions (1) and (2), are represented by the linear simulation results.
The instabilities, which are found in the condition for the high-Ti and low-Ti plasmas, are
identified as the ITG modes, because the real frequencies are negative and the mode rotates
in the ion diamagnetic direction. The quantity related with the mixing length estimate L is
obtained by integrating γ̃k̃y/k̃
2
y over the poloidal wavenumber region which is typically given
as 0.05 ≤ k̃y ≤ 1.0. For the high-Ti plasmas, the ITG mode is unstable in the radial region
0.06 ≤ ρ ≤ 0.80 under the kinetic electron condition and the resultant values of L are several
times larger than those in the adiabatic electron case where the ITG mode is unstable in the
region ρ > 0.6. On the other hand, for the low-Ti plasmas with kinetic electrons, the ITG
mode becomes unstable in the region ρ ≥ 0.65. The radial region where the ITG mode is
unstable for the kinetic electron case is wider than for the adiabatic electron case. Figure 5
shows the relation between the turbulence fluctuation T̄ and the quantity related with the
mixing length estimate, L. The turbulence fluctuation T̄ is approximated by
T̄ = CTLa, (3)
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with the coefficients CT = 6.6× 10 and a = 1.6. The zonal flow fluctuation Z̄ is represented









. The linear zonal flow response depends on the
magnetic field configuration, but it does not depend on the electron and ion temperature
gradients, and the density gradient. Note that the zonal flow response function for k̃x =
0.25 is used to evaluate the representative values of the zonal flow decay time, because
there are peaks of the wavenumber spectra around k̃x = 0.25 in the nonlinear simulation
results examined here. To study the correlation between Rk̃x(t) and the fluctuation of zonal




dtRk̃x(t), where the upper limit τf in the integral is set to τf = 30R/vti. It is
confirmed that helical magnetic structure in the inward-shifted field configuration enhances
the zonal flow generation27. Therefore, the zonal flow decay time in the low-Ti plasmas has
the tendency to be larger than that in the high-Ti plasmas for which the configuration is
outward-shifted. The linear zonal flow response for the kinetic electron case is different from
that for the adiabatic electron case, and the details are explained in Ref. 23. The squared
zonal flow fluctuation Z̄ is approximated by the linear simulation results,
Z̄b
T̄ c
= Cz τ̃ZF , (4)
where Cz = 0.19, b = 0.16 and c = 0.27 and τ̃ZF = τZF/(R/vti). The comparison of
Z̄0.16/T̄ 0.27 with 0.19τ̃ZF is shown in Fig. 6. The circles and boxes represent the simulation
results in the high-Ti and low-Ti plasmas, respectively.
When we rewrite Eqs. (2) and (1) using Eqs. (3) and (4), the electron and ion heat diffu-






















z = 1.3×10, A2e = C2eC1−cξ/bT C
−ξ/b
z =




z = 2.6 × 102 and A2i = C2iC1−c/(2b)T C
−1/(2b)
z = 1.8 × 10.
The exponents are given by B1e = αea = 0.30, B2e = ξ/b = 0.62, B3e = a(1− cξ/b) = 0.63,
B1i = αia = 0.66, B2i = 1/(2b) = 3.1 and B3i = a(1− c/(2b)) = 0.26. The normalized elec-




i obtained from the nonlinear simulation
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FIG. 5. Relation of the time-averaged turbulent fluctuation T̄ and the quantity related with the
mixing length estimate, L. The circles and the boxes represent the results for the high-Ti and
low-Ti plasmas, respectively.
FIG. 6. The plots are shown for the comparison of Z̄b/T̄ c with CZ τ̃ZF , where b = 0.16, c = 0.27
and CZ = 0.91. The circles show the simulation results for the high-Ti plasmas and the boxes
represent those in the low-Ti plasmas.






i in Fig. 7(a) and (b),
respectively, where the circles and the boxes show the results in high-Ti and low-Ti plasmas.
The heat diffusivity models reproduce the nonlinear simulation results χ̄e/χ
GB
i within the
relative error 0.21 and χ̄i/χ
GB
i within the relative error 0.20.
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from the nonlinear simulation with the model predictions of Eq. (5), χmodele /χ
GB
i and Eq. (6),
χmodeli /χ
GB
i . The circles and the boxes show the results for high-Ti and low-Ti plasmas, respectively.
V. QUASILINEAR FLUX MODELS FOR PARTICLE AND HEAT
TRANSPORT
In this section, the quasilinear models30–33 are constructed for both the particle and the

























for the species j, where the quantities with the superscripts lin and NL represent the linear
and nonlinear simulation results. Here, the tilde˜represents the normalization of the energy






2, respectively. The saturated







, is well fitted with the model function of γ̃k̃y/k̃
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at each k̃y, where the parameters are Cq1 = 1.0 × 102, Cq2 = 9.2 × 10−4, αq1 = 0.54,











in Eqs. (7) and (8). When
the relative errors of the fluxes at each k̃y and the total fluxes integrated over the k̃y space
are minimized between the nonlinear simulation results and the quasilinear flux models,
the fitting parameters are determined as CQe = 0.78, CQi = 0.58 and CΓ = 0.73. The
fluxes from the nonlinear simulation (a) Γ̃NL, (b) Q̃NLe and (c) Q̃
NL
i are compared with the
quasilinear flux models (a) Γ̃modelql , (b) Q̃
model
e,ql and (c) Q̃
model
i,ql in Fig. 8, where the relative
errors are given by (a) 2.3, (b) 0.24 and (c) 0.24. The relative error shown above for the
particle flux model is larger than those for the energy fluxes, because the quasilinear particle
flux becomes close to zero at some radial points. When using another definition34 of the
relative error
√∑
(Γ̃NL − Γ̃modelql )2/
∑
(Γ̃modelql )
2 for the particle fluxes at the twenty radial
points, its value is as small as 0.3. For the ion energy flux model in Fig. 8(c), the values of
the relative errors (Q̃NLi /Q̃
model
i,ql −1)2 at ρ = 0.72 for the high-Ti plasmas and at ρ = 0.80 for
the low-Ti plasmas (t = 1.9s) are about three or four times larger than the averaged value
of the relative error for the all data points.
VI. SUMMARY
The gyrokinetic equations for both electrons and ions are solved by numerical simula-
tions to model the diffusivities and the fluxes for the particle and heat transport. First, the
electron and ion heat diffusivities are evaluated from the nonlinear simulations for high-Ti
and low-Ti plasmas in the LHD, where the ITG mode is destabilized. The model functions
for the electron and ion heat diffusivities are shown in terms of the turbulent potential
fluctuation T̄ and the zonal flow potential fluctuation Z̄. Next, the linear gyrokinetic sim-
ulations are performed to estimate the linear growth rate and the zonal flow decay time.
The two quantities T̄ and Z̄ in the model functions are approximated in terms of the quan-
tity related with the mixing length estimate, L and the zonal flow decay time, τ̃ZF . The
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FIG. 8. The nonlinear simulation results for (a) the particle flux, Γ̃NL (b) the electron energy
flux, Q̃NLe and (c) ion energy flux, Q̃
NL
i are compared with the prediction by the quasilinear flux




i,ql . The circle and box marks show the cases for the high-Ti and
low-Ti plasmas, respectively.
use of the linear simulation results enables us to reproduce the nonlinear simulation results
for the electron and ion turbulent diffusivities by the heat diffusivity models shown in this
article within the allowable errors. Since the density gradient is close to zero in some ra-
dial regions of the LHD plasmas, the reliable diffusivity model for the particle transport
can not be shown. The quasilinear flux models for the electron and ion energy transport
are proposed to quantitatively reproduce the nonlinear simulation results. The nonlinear
simulation results of the electron and ion energy fluxes are reproduced by the quasilinear
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flux models at the accuracy similar to that of the heat diffusivity models. In addition,
the quasilinear particle flux model, which can be applicable even for the flattened density
profiles in the LHD, is presented. Thus, the promising transport models, such as the heat
diffusivity models and the quasilinear flux models for helical plasmas, are proposed based
on the gyrokinetic simulation results. The quasilinear flux model for the particle transport
can be proposed, while the particle diffusivity model cannot be shown. On the other hand,
the heat diffusivity models are estimated by the two linear gyrokinetic simulation results,
L and ˜τZF . When the quasilinear flux models are evaluated for the nonlinear simulation
results, the ratio of the flux to fluctuating potential for the linear simulation is needed in
addition to the two linear gyrokinetic simulation results. It is difficult to install the ratio of
the flux to fluctuating potential for the linear simulation to the transport simulation code.
How to apply the ion heat diffusivity model to the dynamical transport code was already
reported22 and the dynamical transport simulation result for the ion temperature profile
will be compared with the experimental result in the LHD. The study on how to install the
electron heat diffusivity model and the quasilinear flux models to the dynamical transport
code is in progress and will be reported elsewhere.
How to construct the reduced models by use of the linear simulation results is explained
for the low-β plasmas. If the electromagnetic effect is important for high-β plasmas, the
reduced models by the linear simulation results will be studied. Reduced models of the tur-
bulent transport in helical plasmas will be constructed in terms of the linear growth rate of
the other modes, such as the trapped electron mode and the electron temperature gradient
mode.
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